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An elliptic optimal control problem

Minimize the cost functional
_ 1 2 Y 2
Jy.u)=5 | Iy —yal dx+5 | |ul”dx
Q Q

subject to the state equation for y with distributed control u

Ly =u in €,
By =0 on I,

where yy is the desired state.

L is an elliptic differential operator, B a boundary operator.

Model problem:
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An elliptic optimal control problem

Variational form of the state equation:
For u e L2(Q), find y € Y c H'(Q) such that

a(y,z) = (u,z)2iq) forallzey
where a is symmetric, bounded and coercive on Y.

Model problem: Y = H'(Q) and

a(y,z):/Q[Vy-Vz+yz] dx
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An elliptic optimal control problem

Lagrangian function: pe Q=Y
Lly,u,p) = J(y, u) +a(y, p) — (U p)iz(q)
||y Va2 + 3 U2y + a0, P) = (U, P)rze)
Optimality system (KKT conditions):

(Dy L(y,u,p),z) = 0 forallzeY
(DyL(y,u,p),v) = 0 forallve [3(Q)
(DpL(y,u,p).q) = 0 forallgey

(Y —Ya:2)12q) + @(z,p) = 0 forallzeY
v (U, V)ziq) — (V. P)izq) = 0 forallv e L¥(Q)
a(y,q) — (u.q)izq) = 0 forallge Y
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An elliptic optimal control problem

Second equation:
u=~'p

Reduced problem:
Find y € Y and p € Q such that

(V. 2)12(0) + a(z,p) = (Ya,2)12(q) forallze,
aly,q) =~ (P, q)z) =0 forall g € Q.

Find (y,p) € Y x Q such that
B((yap)v(z»q)):(ydaZ)LZ(Q) for all (qu) € Y x Q
with

B((y,P),(2,9)) = (¥, 2)12(0) + @z, p) + ay,q) — v~ (P, @) 12(0)-
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An elliptic optimal control problem

Inner products in Y ¢ H'(Q), Q c H'(Q)and Y x Q:
V. 2)y = (V. 2)i20) + 72 (V. D
(Do =7 (. Dizy +7 2 (0. D
((y:0):(2,9)) y .o = (V. 2)y + (P, )0
Normsin Y c H'(Q), Qc H'(Q)and Y x Q:
172

Izlly = (2,2)y" ~ lzlliz@) +7"* 12l 0

lglla = (@a)g® ~ 7" lalliz@ + 7" 19l

Iz, @llvxa = (125 + lal%)"?
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An elliptic optimal control problem

@ BisboundedonY x Q:

1B((y,p), (z,9))l < Cll(y,P)llyxall(z,9)llyxa
forall (y,p), (z,9) € Y x Q.

@ Bis stable on X x Q:

B b 9 Z7
sup  BWRL2A) S oy by o
0£(z,g)eyxa 1(Z:Dllyxa

forall (y,p) € Y x Q.

@ The constants ¢ and C are independent of .
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An elliptic optimal control problem

Discretization by Galerkin’s principle:
Yo=Qy C Y=Qc H(Q)
Find (yn, pn) € Yn x Qp such that

B((¥n, Pn): (2zn, qn)) = (Y4, zn) forall (zn, qn) € Yh x Qp.

In detail:
(Yh Zn)12(0) + a(Zh, Pn) = (Yd,Zn)12(q) forall zy € Yp,
a(yn an)  —7 (P G2y = O for all g, € Qp.

Model problem: Courant element (continuous and piecewise P;
on a triangular subdivision 73 of Q)
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An elliptic optimal control problem

Basisfor Yy, =Qn: {pi:i=1...,Np}

N
Wh(X) =D Wipi(X) «—  Wp=(W)i1,..n,
i—1

Matrix-vector representations:

Vn:Zn)iz)y = (Mny,,2p)e,  a(zn,Gn) = (Khzp Q,)e,

(Yas 2n)iz(@) = (Enr Zn)ee-

with the mass matrix M), and the stiffness matrix K.

Linear system in saddle point form:

v\ (fn . My KT
Ah(%)(") with Ah<Kh —y " M
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An elliptic optimal control problem

@ B is bounded on Yy x Qp:
\B((¥h, Pn), (2n, Gn))| < C[[(¥n, Pr)llvxa [(zh, Gn)llyxa
for all (yn, pr), (zn, qn) € Yn x Qp.
@ B is stable on X, x Qp:

su B((¥n, bn), (2n, qn))
p
0£(zman)eYnx Qs 1(ZnGn)llyxa

> ¢||(Vn: Pn)llvxa

for all (yn, pn) € Yh x Q.

@ The constants ¢ and C are independent of v and h.
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Multigrid methods

Problem:

B((Yh: Pn), (2n, Gn)) = F(2n: Qn)  (2n,qn) € Yn x Q.
Two-grid method: Yy C Yy, Qy C Qp
(y,go),pﬁ7 )) starting value
@ Smoothing step:

(0,k)

WP = S V) k=1m.

@ Coarse grid correction:
R(2h, Gh) = F(2h, an) = By "™ 0™ (24, Gh)

B((WH, SH), (zH, GH)) = R(2H, 9H)  (ZH,9H) € YH X Qu

(", oty = (O™ @My 1 (wy, sp)
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Multigrid methods

Smoothing iteration:

0,k 0,k—1) 0,k—1
(y R plOR)y = 8py (y 0D p{0HT)
Residuals:

@ Collective GauB3-Seidel method (CGS):
fori=1,...,Np:

o (8 5)(2)-()
Ki =" M;) \'si ti

update y,.p,, Ip, tp.

Vanka-type smoother
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Multigrid methods

Borzi & Kunisch & Kwak: optimal control

o Numerical experiments: fast convergence

e Fourier analysis for the two-grid method: robust convergence
results with respect to ~.

o Compactness argument: General multigrid convergence results, if
the coarse mesh is sufficiently small.

If K, = K, the original problem

yh Ih H Mh KhT )
=h) = th =
A (p,,) (0) with Ay (Kh T M,

is equivalent to

i (Y 0 - 5 YKy —Mp
- f— h f—
A (ph> (fh) with A < My Kp
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Multigrid methods

@ Symmetric diagonal Uzawa method:
If KT = K, the original problem

y f . M K[
A h) — ( “> with A = < h
h <ph 0 "TAKy T My
is equivalent to
An () = “> with Az( >:< .
§ <Yh> (0 "My K Br —Ch
Preconditioner
Pp = Ay Q ! ’2\51311- = A - 8’7’- 2
B, -8 \0 1 Bn BnA,' B - S
with 1 1
Ah =- diag(An), S‘h == diag(Cp + BhA?Bh)
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Multigrid methods

Smoothing iteration:

K K—1 _
(pf,:) = <p$1k 1)> +pPy <r§7: :)>
v )Y [

with0O<p<?2
to solve
Sh\ _ (In
7o) = (2)
reduces to

Shﬂh = BhSh -ty

5 T
AnSp = rp— By wy
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Convergence analysis

Forz € Yy, qc th

B W7S7 27
Iz.)llos and [[(w.s)[op= sup BUW:S)(ZQ)]
0£zq)evix@, (2 Q)llo,n

Approximation property:

(0,m)

(1) D o)llon < call ™ = yn, 0™ — pr)llen

Yy — yn, Py,
Smoothing property:

(0,m) (0,m)

%™ =y 6™ — oo < 0(m) 12 = v 2 = pr)lllo.n

with
n(m)— 0 form — oo.
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Convergence analysis

Inner producton Y x Q:
((y.P).(2.9) y.q = Vs )iz + 72 (V. 2) i ()
+97 (P, Dzi) + 72 (0, D e
Mesh-dependent inner product on Yy, x Qp:
((y7 p)7 (27 q))()’h - (y7 Z)Lz(Q) + ’71/2 h72 (ya Z)LZ(Q)
+97 (0, Qrz) + 7 P2 (0, 9) 120
= (1 +4'/2 h_z) [(% Z)i2) + 77 (P, Q)LE(Q)]

Mesh-dependent norm on Y, x Qp:

Iz @)llon = (2. 9). (2.9)§/F

~ (140 (12 lze) + 772 Gl
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Convergence analysis

Assumption: Full elliptic regularity in y of the state equation
If f € L2(Q), then there exists y € H?(2) such that

a(y,z) = (f,z)pq) forallzey
and

1Y llre@) < ClIfllizq)-

Model problem: Q is a convex polygonal domain,
Q has a smooth boundary.

Theorem (Approximation property)

IS =y, oV

(0,m

—pn)llon < ca 2™ = yi, p2™ — pr)lll2.n
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Convergence analysis

Lemma

If the parameters o, T are O(1) and
Ap> Ay, Sp> Ch+ BpAS B,
then
™™ = yas ™ = Pa)lla.n < n(m. v, DI = va Py = Po)llon
ity NP2p2 =172 2
n(m, v, h) = Esmo(m) —— T
where
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Convergence analysis

Theorem (Smoothing property)
If v > ch*, then

1™ = yp, o™

with n(m) = O(1//m).

— p)lll2.n < (M) 12 = ya, B2 = Pi)llo.

Theorem (Two-grid convergence)

If v~ > ch*, then there is a constant C independent of v and h such
that

(1) (1)

C
175" = v b = Prdllon < I = yisPly” = Pl
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Numerical experiments

Geometry and mesh:
e Q=(0,1)?
@ initial mesh ¢ = 0: 2 triangles
@ uniform refinement, final mesh ¢ = L.

Multigrid method:
@ W-cycle, V-cycle
@ Starting values Xg)o) and 820) randomly generated.
o stopping rule r®) <er(®  with ¢ =10-8.
@ smoother: symmetric diagonal Uzawa method

e o, 7: Simple power iteration on coarse level,
e p = 1.6 (motivated by a two-grid Fourier analysis)
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Numerical experiments

Dependence on h and m:

smoothing steps
level L n+m 1+1 | 242 | 3+3
4 2178 || 16 | 0.301 9 | 0.127 || 7 | 0.067
5 8450 || 16 | 0.302 9 | 0.128 || 7 | 0.066
6 33282 || 16 | 0.302 || 10 | 0.135 || 7 | 0.067
7 132098 || 16 | 0.302 || 10 | 0.135 || 7 | 0.067
8 526338 || 16 | 0.302 || 10 | 0.135 || 7 | 0.068

Dependence on ~:

[ v [ Mer. [ conv.rate ]

1 16 0.302
102 16 0.302
10— 16 0.302
106 16 0.302
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Concluding remarks

@ one-shot multigrid method
@ simple tuning of the parameters
@ convergence analysis: robust in v and h

@ to be done: other classes of problems
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