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Monte Carlo Calibration

Fundamentals

Focus will be on calibration of European call options

Definition 1 (European Call Option)

A European call option is the right to buy a predetermined underlying
(e.g. stock) at a certain time T (maturity) for a certain price K (strike).

C.Kabe Convergence of Monte Carlo Calibration June 03, 2009



Monte Carlo Calibration

Fundamentals

Focus will be on calibration of European call options

Definition 1 (European Call Option)

A European call option is the right to buy a predetermined underlying
(e.g. stock) at a certain time T (maturity) for a certain price K (strike).

Definition 2 (Price of a Call Option)

The price of a call option C' in t = 0 can be calculated through
C = ¢ ™ E (max(Sy — K, 0))

where r is the risk free rate and St the value of the underlying at future
time T.
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Monte Carlo Calibration

Stochastic Differential Equation

L-dimensional system of stochastic differential equations (SDE):

dYi(z) = a(z,Yi(x))dt + b(z, Yi(x))dW; J

where

r € RP vector of parameters

Y, = [S;, Y2, ..., Y] € RE Solution of SDE

W; = (W}, ...,W}t) € R Vector of Brownian motions

a:RF x RF — R al(z, Y (x))dt

b:RP x RE — RE x RE 2521 WY (z, Ye(x))dWY, 1 =1,.... L
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Monte Carlo Calibration

Least Squares Problem

Continuous Optimization Problem (True Problem)
I
a i i \2
;%1)1(1 f(gj) = Z; (C (:13) - obs)
where C(z) = e "li E (max(Sr, (z) — K;,0))

s.t. dYy(z) = a(z, Yi(x))dt + b(z, Yi(z))dWy, Yo > 0

X c R? convex and compact
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Monte Carlo Calibration

Least Squares Problem

Continuous Optimization Problem (True Problem)
I
. i i \2
mip f(z) = 32 (') = Cope)
where C(z) = e "li E (max(Sr, (z) — K;,0))

s.t. dYi(z) = a(z,Yy(z))dt + b(z, Yi(x))dWy, Yo >0

X c R? convex and compact
Discretized Optimization Problem (SAA Problem)
I

. .\ 2
min far Aee == Y, (C’}M Ate(T) — ébs)
EGX 7 b b

i=1

) M
where  Ciynr. (@) = ey 3 (me(sR, (@) - K))

st Ut () = Une(@) + ac(@, vy (2)) Aty + be(z, Yy () AW
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Monte Carlo Calibration

Smoothing Non-differentiabilities
Consider Heston’s Model:

dStvﬁ = (T - §)St,€dt + U;’;Styethl
dvre = w(0 = v )dt 0ol (pdW]! + V1 = p2dWV7)

1

(
o
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(@VETEN  Overview

Convergence
True Problem

I

. i i )2
min f(x) = Z (C (.%‘) - obs)
z€X i=1
SAA Problem
I ) . 2

mnél)rgl My Aty e, = i:Zl (C}L\/[k,Atk,ek () — cZ>bs)

Increase number of simulations: M} T oo

Decrease discretization step size: Aty | 0 z € X solutions

Decrease smoothing parameter: ¢, | 0
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(@VETEN  Overview

Convergence
True Problem

I

. i i \2
min f(x) = Z (C (.%‘) - obs)
z€X i=1
SAA Problem
I ) . 2

;rél)rfl My Aty e, = i:Zl (C}L\/[k,Atk,ek () — cZ>bs)

Increase number of simulations: M} T oo
Decrease discretization step size: Aty | 0 z € X solutions

Decrease smoothing parameter: ¢, | 0

X compact = x, — x* with 2* in X.
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(@VETEN  Overview

Convergence
True Problem

I

. i i \2
min f(x) = Z (C (.%‘) - obs)
z€X i=1
SAA Problem
I ) . 2

;rél)rfl My Aty e, = i:Zl (C}L\/[k,Atk,ek () — cZ>bs)

Increase number of simulations: M} T oo

Decrease discretization step size: Aty | 0 z € X solutions

Decrease smoothing parameter: ¢, | 0

X compact = x, — x* with 2* in X.

Question
x* solution of the true problem? J
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Convergence

Local Minima

: 2
ELNCES

min  fy(x) = 2% - M~ 'sin(Ma?)
z€[—1;1]
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(@NVEEIE  Overview

Local Minima

: 2
ELNCES

min  fy(x) = 2% - M~ 'sin(Ma?)
z€[—1;1]

Local minima might lead to problems:
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(@VETEN  Overview

Literature Review

True Problem: SAA Problem
: — : 1M
min h(z) == E(H(z,w)) min hm(z) := 37 > ey H(z,wm)

@ Shapiro (2000): Convergence if min h(z) produces global minimum

@ Rubinstein & Shapiro (1993): Convergence to a critical first order
point under assumption that H(z,w) is dominated integrable and

continuous
@ Bastin et al. (2006): Additionally second order convergence even for
stochastic constraints

= Dependence on three error sources: Monte Carlo, discretization and
smoothing!
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(@NVEEIE  Overview

Goal: First Order Optimality

Steps to be taken:
@ Pathwise Uniqueness of SDE

@ Uniform Convergence:

lim sup | fm, At e () — f(2)] =0
k—00 e X

klim sup ||V fm,, Aty () = Vf(z)|| =0
—0 zeX

© First Order Optimality Condition:

Vi) (z—2*)>0 VreX
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Pathwise Uniqueness under Lipschitz Continuity

Theorem 3 (Kloeden & Platen)

Under the assumptions that

There exists a constant K{;, > 0 such that V¢ € [0,7] and y € R"
la(t,y) — alt, 2)| + [b(t,y) — b(t, 2)| < Kiiply — 2]

There exists a constant Kgow > 0 such that V¢ € [0,7] and y € RE
la(t,y)| + [b(t, y)| < Kerow(1 + [y])

the stochastic differential equation
dYy = a(t, Yi)dt + b(t,Y)dWy , Yy € (0, 00).

has a pathwise unique strong solution Y; on [0,T].
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@V Pathwise Uniqueness

Problem: Lipschitz Continuity

Consider Heston’s model

dSt7€ = (T‘ — 5)St’6dt + \/Wg(vtve)Stﬁthl
dvre = k(0 —7e(ve))dt + U\/Wﬁ(vtye)(detl ++/1— pdef)

Lipschitz continuity for € > 0

—e&=1.0]
—e=0.5
——&=0.0]

—e&=1.0]
—e=0.5
——&=0.0]
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Yamada Condition

Theorem 4
Let

dY;ﬁ,e = ae(t7 Y;f,e)dt + be(ta th,e)th-
with
ae(t, Yie) = (ag(t,Yee), - af (6, Ye)"
bﬁ(tv Y;Ze) = diag(bi (tv 1/t,lﬁ)v 0009 bf(tv }/t,lé))

If there exists a positive increasing function 3 : [0,00) — [0, 00) with
b'(t,2) = b'(t, )| < Blz —yl) Vo,yeR, i=1,..,L
and

)
~2(2)dz = 0.
O/ﬂ (2)d

with an arbitrarily small 6 > 0 ...

v
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P L
Yamada Condition (2)

. and a positive increasing concave function « : [0, 00) — [0, 00) such
that

\ai(t,w) — ai(t,y)| <alr—y|) Vr,yeR, i=1,..,L
with

0
/oz_l(z)dz = 0.
0

with an arbitrarily small § > 0, the SDE has a pathwise unique solution.

Proof: Yamada (1971)
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@V Pathwise Uniqueness

Yamada Condition (3)

Reconsider Heston's model

dSt7€ = (T — 5)St76dt + \/Wg(vtve)Stﬁthl
dvre = k(0 —7e(vge))dt + U\/Wﬁ(vtye)(detl ++/1— p2th2)

The drift is Lipschitz continuous:

la'(t,z) — a'(t,y)| < Kiplz —y| Vz,yeR, i=1,2
and the diffusion is Holder continuous:

't 2) =0 (ty)| < Ve —y| Vo,yeR, i=1,2

é . [
dz = o0o; /
/ KLipZ
0 0
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Convergence

Problem: Independent components required

Heston’s model:

dSie = (r—08)Spedt + \/Te(vie)Sp.cdW}

dvge = K(0 —me(vee))dt + o/ e (vt76)th2
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Problem: Independent components required

Heston’s model:

dSt@ = (7’ — (S)St7edt —+ \/71'6(1)1575)51576th1

dvge = K(0 —me(vee))dt + o4/ 7T5(’Ut76)th2
Solution:

@ Process v; . has pathwise unique solution following Yamada's Theorem
@ Insert this unique solution in process S;

@ Process S, has pathwise unique solution following Yamada's
Theorem

= Pathwise unique solution via Yamada's Theorem
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Convergence

Convergence of the Problem

Reconsider:

[fm.ace(@) = f(2)]

IN

|fM,At,e(~”U) - fAt,e($)| (1)
+  |fate(@) = fe(z)] (2)
+ [fe(@) = f(2)] (3)
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Convergence of the Problem

Reconsider:

[fmate(r) = f(z)]

IN

|fmate(®) = fae(z)] (1)
+  |fate(r) — fe(o)| (2)
+  |fe(z) = f(2)] (3)

Assumption:
There exists a constant Koy > 0 such that V¢ € [0,T] and y € RF
llac(t, y)Il + 1be(t, Y) || < Kerow(1 + [[yl])-
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Convergence of Smoothed and Discretized SDE
Theorem 5

Consider the SDE

dYVt,e = ae(t7 }/t,e)dt o be(ta Yt,e)th-

and the continuously interpolated process

¢ ¢
Yt,e =Y0+/ae(x Yr(s),e d3+/be z yT(s)
0 0
where 7(s) =mn, Vs € [Ty, Tnt1) and n =0,..., N — 1. Assuming that the
growth condition holds and the SDE has a pathwise unique solution it
holds

li E( Y, 2):
Airfoig} |Yte — Y1 o

Proof: Kaneko & Nakao (1988)
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Convergence of Smoothed SDE

Theorem 6

Assume that the growth condition and the pathwise uniqueness holds for a
solution of

and let Y; . be a solution of
d}/t,e = ae(t7 }/t,e)dt o be(ta Yt,e)th-
If ac and b. converge uniformly to a and b for e — 0, i.e.

lim sup sup (|ac(t,x) — a(t,z)| + [|be(t, ) — b(t, x)||) = 0.
=040, 1) z€X

where || - || is a matrix norm, it holds

lim sup F <\Y}’E = Y}|2> =0.

e—=0zeXx

Proof: Kaneko & Nakao (1988)
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L
Dominated Integrability & Continuity

Lemma 7

Assume that the families {m(St(z,w) — K),z € X} are dominated by a
Q-integrable function P(w). Then there exist At > 0 and € > 0 such that
{me(sne(z,w) — K),z € X} is dominated by a Q-integrable function for
all At € [0,At] and € € [0,7].

Lemma 8

If the functions (St (-,w) — K') are continuous on X for Q almost every
w, the functions mc(sn(x,w) — K) are continuous on X for 0 < At < oo
and 0 < e < oo.

V.
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Uniform Convergence

Theorem 9

Assume that the families {7 (St(z,w) — K),x € X} are dominated by a
Q-integrable function P(w) and furthermore the functions

(St (-,w) — K) are continuous on X for ) almost every w. If additionally
X is compact, then f(x) is continuous on X. Furthermore fu At
converges uniformly to f on X, i.e. for given sequences (M), C IN,
(Aty)r C Ry and (ex)r C Ry satisfying My, T oo, Aty | 0, €, | 0 it holds

lim sup |fwm,, At () — f(2)] = 0.

k—oo zeXx

Note that the same can be shown for the gradients!
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@ First Order Optimality Condition
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First Order Optimality Condition

Theorem 10

Assume that the families {7 (St (z,w) — K),z € X} and

{%W(ST(',W) —K),x € X},i=1,...,I are dominated by a
Q-integrable function P(w) and furthermore the functions

m(Sr(,w) — K) and %W(ST(-,w) —K),i=1,...,I are continuous on X
for Q) almost every w and additionally that X is compact. Further let
(Mk)k C Ny, (Atk)k C Ry, (fk)k C Ry and (’Yk)k C R4 with Mg T oo,
At | 0, e | 0 and v | O be given sequences and assume that

(xg)kemv C X is a sequence of points satisfying

Vi) (x—z) > -y VzeX.

Then every limit point x* € X of (xy), almost surely satisfies the first
order optimality condition

Vi) (z—2*)>0 VzeX.

v
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Convergence

Convergence: Graphical Illustration

M=10.000 N=10:=0.001
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Convergence: Graphical Illustration

M=10.000 N=10:=0.001 M=100.000 N=3:=0.0001
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Convergence: Graphical Illustration

M=10.000 N=10:=0.001 M=100.000 N=3:=0.0001
s B
x10 x10
8- 8-
6- 6-
s s
= =
o4 o4
2- 2-
ozsogx\o;éaé o B /{0/‘01/;1 00131 (558~ e, 00131
s 02705 00151 Yo s 02705

M=1.000.000 N=1:=0.00001
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Conclusions

Conclusions

Set up calibration problem
Discretized via Monte Carlo, Euler-Maruyama and smoothing
Pathwise Uniqueness for resulting SDE under Yamada Condition

Uniform convergence of objectives under unrestrictive assumptions

First order optimality condition satisfied for limit point z*
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