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Dirichlet Boundary Control Problem
Model problem: Find (u,z) € H(R2) x A minimizing

Suz) = 5 [l ~ )P+ 5ozl
Q

subject to the constraint
_AU(X) = f(X) fOI'X S 97 U(X) = Z(X) for X € r — aQ’

where
> given target T € L,(Q)

» given volume density f € L,(R)
> fixed parameter p € R,
» bounded Lipschitz domain Q C R", n = 2,3 with boundary I = 9Q
» A is a suitable operator to be chosen where || - [|3 = (A, -)r
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Model problem: Find (u,z) € H(R2) x A minimizing

Suz) = 5 [l ~ )P+ 5ozl
Q

subject to the constraint
_AU(X) = f(X) fOI'X S 97 U(X) = Z(X) for X € r — aQ’

where
> given target T € L5(Q)
» given volume density f € L,(R)
> fixed parameter p € R,
» bounded Lipschitz domain Q C R", n = 2,3 with boundary I = 9Q
» A is a suitable operator to be chosen where || - [|3 = (A, -)r
>

A = L[5(2): [Casas, Raymond 06], [May, Rannacher, Vexler 08],
[Deckelnick, Giinther, Hinze 08]
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Solving the State Equation
Let ur € H3(Q) be the weak particular solution of

—Aur(x) =f(x) forxeQ, ur(x)=0 forxel.
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Let ur € H3(Q) be the weak particular solution of
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—Au(x)=0 forxeQ, u,(x)=2z(x) forxerl.
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—Aur(x) =f(x) forxeQ, ur(x)=0 forxel.
Let u, = Sz € H'(Q) be the weak solution of

—Au(x)=0 forxeQ, u,(x)=2z(x) forxerl.

u, € HY(Q) = uyr € HY2(M) = S HY3(M) — HY(Q) C La(Q).
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Solving the State Equation
Let ur € H3(Q) be the weak particular solution of
—Aur(x) =f(x) forxeQ, ur(x)=0 forxel.
Let u, = Sz € H}(Q) be the weak solution of

—Au(x)=0 forxeQ, u,(x)=2z(x) forxerl.

u, € HY(Q) = uyr € HY2(M) = S HY3(M) — HY(Q) C La(Q).
Then the solution of the state equation
—Au(x) = f(x) forxeQ, u(x)=z(x) forxel =0Q,

is given by
u=38z+ ur.
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Reduced Cost Functional

Using u = Sz + uyr: Find the minimizer z € H'/2(T") of the reduced cost
functional

j(z) = %/[(Sz)(x) + ur(x) — T(x)]?dx + %g (Az, z)r.
Q

J(*) is convex = minimizer z determined by optimality condition
§*Sz+ 8 (ur —T) + Az = 0.

S* : Ly(Q) — H™Y2(T) adjoint operator of S : H/2(I') — L(Q), i.e.,

(8", @)r = (b, Sp)a = / B(x)(Se)(x)dx for all o € HY(T), 0 € Ly(Q).
Q
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Optimality system
Optimality condition: S§*Sz+ 8*(ur —T) + Az = 0.

» primal variable u = Sz + ur
» adjoint variable 7 = S*(u — @) € H~Y3(I),
= coupled problem

T+0Az=0, 7=8"(u—-1), u=Sz+ur
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Optimality system
Optimality condition: S§*Sz+ 8*(ur —T) + Az = 0.
» primal variable u = Sz + ur
> adjoint variable 7 = S*(u — 1) € H=/2(IN),
= coupled problem

T+0Az=0, 7=8"(u—-1), u=Sz+ur

Adjoint variable 7 = §*(u — T) is Neumann datum

T(x) = _8(:)1 p(x) forxeTl

of the adjoint Dirichlet boundary value problem

—Ap(x) = u(x)—0(x) forxeQ, p(x) =0 forxel.
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Optimality system
Optimality condition: S§*Sz+ 8*(ur —T) + Az = 0.
» primal variable u = Sz + ur
> adjoint variable 7 = S*(u — 1) € H=/2(IN),
= coupled problem

T+0Az=0, 7=8"(u—-1), u=Sz+ur

Adjoint variable 7 = §*(u — T) is Neumann datum

T(x) = _8(:)1 p(x) forxeTl

of the adjoint Dirichlet boundary value problem

—Ap(x) = u(x)—0(x) forxeQ, p(x) =0 forxel.

= optimality condition: (x) = 0(Az)(x) forxeT.

on.”
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Choosing A and || - ||

(Z p(x) = o(Az)(x) forxeT.

X

Optimality condition:

ue HY(Q) = ur=2z¢ HY2(T)
— elliptic, self-adjoint, and bounded operator A : H/2(I') — H=1/2(T),
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Choosing A and || - ||a

(: p(x) = o(Az)(x) forxeT.

X

Optimality condition:

ue HY(Q) = ur=2z¢ HY2(T)
— elliptic, self-adjoint, and bounded operator A : HY/2(I") — H=/2(I"),

e.g., the stabilized hypersingular boundary integral operator A = D
(Dz, wr := (Dz,w)r + (z,1)r{w, 1)r for all z,w € HY?(I)

where
(Dz)(x) = — 0 iU*(X,y)z(y)dsy forx €T,
ony, J On,
r
and the fundamental solution
1
——log|x —y| for n =2,
" 2
u (Xa}/) = 1 1
_—— forn=3
4 [x —y|
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Unique Solvability and Regularity
Theorem
Let A: HY2(T) — H=Y/2(T) be elliptic, self~adjoint, and bounded.

The operator T, = oA+ 8*S : HY/?(T) — H~'/(T) is bounded and
H/2()=elliptic. = unique solvability of

Toz == (§"S+0A)z = S (u—uf) = g.
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Unique Solvability and Regularity

Theorem

Let A: HY2(T) — H=Y/2(T) be elliptic, self~adjoint, and bounded.
The operator T, = pA+ S*S : HY/2(T') — H~Y/2(T) is bounded and
H/2(MN-elliptic. = unique solvability of

Toz == (§"S+0A)z = S (u—uf) = g.

Optimality system —Au=f inQ, u=z onT,
—Ap=u—1u inQ, p=0 onT,

8nxp =pAz onl.

Regularity:
If I smooth and u — 7 € H*(Q): = p € H*2(Q) = Zp e HH/2(T)
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Unique Solvability and Regularity

Theorem

Let A: HY2(T) — H=Y/2(T) be elliptic, self~adjoint, and bounded.
The operator T, = pA+ S*S : HY/2(T') — H~Y/2(T) is bounded and
H/2(MN-elliptic. = unique solvability of

Toz == (§"S+0A)z = S (u—uf) = g.

Optimality system —Au=f inQ, u=z onT,
—Ap=u—1u inQ, p=0 onT,

8nxp =pAz onl.

Regularity:
If I smooth and u — 7 € H*(Q): = p € H*2(Q) = Zp e HH/2(T)
By A: HStY/2(I) — H5F3/2(I): z € HST3/2(T) = u € H°2(Q).
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Unique Solvability and Regularity

Theorem

Let A: HY2(T) — H=Y/2(T) be elliptic, self~adjoint, and bounded.
The operator T, = pA+ S*S : HY/2(T') — H~Y/2(T) is bounded and
H/2(MN-elliptic. = unique solvability of

Toz == (§"S+0A)z = S (u—uf) = g.

Optimality system —Au=f inQ, u=z onT,
—Ap=u—1u inQ, p=0 onT,

8nxp =pAz onl.

Regularity:

If I smooth and u — 7 € H*(Q): = p € H*2(Q) = Zp e HH/2(T)
By A: HStY/2(I) — H5F3/2(I): z € HST3/2(T) = u € H°2(Q).

If [ piecewise polygonal: reduced regularity.

. G. Of A Boundary Element Energy Approximation of Dirichlet Control Problems GAMM Workshop PDEOPT 2009

9/26



w Institute of Computational Mathematics

Ty

Outline

Boundary Integral Equations

W cof

A Boundary Element Energy Approximation of Dirichlet Control Problems

GAMM Workshop PDEOPT 2009

10 / 26



[, Institute of Computational Mathematics #.-!:-.g.

Primal Boundary Value Problem

—Au(x)=f(x) forxeQ, u(x)=2z(x) forxeTl

Its solution is given by the representation formula for x € €,

o) = [ UG5y - / U Gyz()ds, + [ Uy (y)a.
r Q
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Primal Boundary Value Problem

—Au(x)=f(x) forxeQ, u(x)=2z(x) forxeTl

Its solution is given by the representation formula for x € €,
u(x) = / U (%, y) 2 o ), / 9 U y)zly)ds, + / U (%, y)F(y)dy.
r Q

For given z € H/2(T'), we determine t = Zu € H=Y/2(T) by

(Vt)(x) = (%/ +K)z(x) — (Nof)(x) forx eT.

where
* a *
(V)0 = [ U xntds, (Ko = [ 50U (xn)z(r)ds,
r r Y
(M6)) = [ U (xo)f)dy forxeT
Q
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Adjoint Boundary Value Problem

—Ap(x) =u(x)—0(x) forxeQ, p(x)=0 forxerl,

We obtain the unknown Neumann datum g = %p by
(Vq)(x) = (No)(x) — (Nou)(x) forxeTl

BUT: Unknown u occurs in domain potential.
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Adjoint Boundary Value Problem

—Ap(x) =u(x)—0(x) forxeQ, p(x)=0 forxerl,
We obtain the unknown Neumann datum g = %p by
(Vg)(x) = (Nou)(x) — (Nou)(x) forxeTl

BUT: Unknown u occurs in domain potential.
Remedy: integration by parts (—Awu = f) to end up with a system of
boundary integral equations only:

/u*;yu /[AV*Xy Ju(y)dy

/ 5oV Gy )uly)ds, — / V*&,y)fnyu(y)dsﬁ [ v Gytauyd

r Q

where V*(x,y) is a is the fundamental solution of the Bi-Laplacian.
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Adjoint Boundary Value Problem

Therefore we get
(Va)(x) = (Vit)(x) — (Kiz)(x) + (No@)(x) + (Mof)(x) forx €T
where

(Vit)(x) = / V(o y)t(y)ds,  (Kuz)(x / 5V (x)ds,

r

(Mof)(x) = / V*(x,y)f(y)dy forxeTl
Q

are integral operators of the bi-harmonic equation.
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B cor A Boundary Element Energy Approximation of Dirichlet Control Problems

Optimality Condition

To obtain a symmetric system, we rewrite g(x) = %p(x) by integral
operators

q(x) = (%/Jr K')a(x) = (D12)(x) = (K{t)(x) = (MT)(x) = (Mif)(x)

where (x € T)

(M3 = im0 Vs [ U Gy)al)dy
Q

(M) = lim 0 Vs [ VG
Q
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B cor A Boundary Element Energy Approximation of Dirichlet Control Problems

Optimality Condition

To obtain a symmetric system, we rewrite g(x) = %p(x) by integral
operators

q(x) = (%/Jr K')a(x) = (D12)(x) = (K{t)(x) = (MT)(x) = (Mif)(x)

where (x € T)

(M3 = im0 Vs [ U Gy)al)dy
Q

(M) = lim 0 Vs [ VG
Q

Inserted into the optimality condition:

o(Az)(x) = (%’Jr K")q(x) = (D12)(x) — (K{t)(x) = (NT)(x) = (Myf) ().

GAMM Workshop PDEOPT 2009
14 / 26




iiﬁm Institute of Computational Mathematics ﬁ-la-u

Coupled System
Find (z,t,q) € HY2(T) x H=Y/2(T) x H=Y/2(T):

VA % Ky t Noii + Mof
% -I-K q | = —Nof
/ 1 l -
K, —Ll—K oA+D z —Ny T — My f
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Coupled System
Find (z,t,q) € HY2(T) x H=Y/2(T) x H=Y/2(T):

-V % Ky t Not + Mof
% —3-K q | = —Nof
Kl —31—K' o0A+D z —Ny — My f

The Schur complement system is uniquely solvable
T,z=g.
Theorem
Let A: HY?(T) — H=/2(T) be elliptic, self~adjoint, and bounded.
The composed boundary integral operator

1 _ _1,1 so—1,1 1 P
TQ=QA+Dl—(§/+K’)v 'wv 1(§l+K)+K1V 1(§l+K)+(§/+K)V 'Ky

is self-adjoint, bounded, and H*/?(I")—elliptic.
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Galerkin Boundary Element Formulation

Approximate
> t by piecewise constant basis functions ¥
> g by piecewise constant basis functions 1
> z by piecewise linear basis functions ¢;
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Galerkin Boundary Element Formulation

Approximate
> t by piecewise constant basis functions ¥
> g by piecewise constant basis functions 1
> z by piecewise linear basis functions ¢;
System of linear equations:

—Vin Vi, Ki,n t fi
1
Vi —(5Mp + Kp) qg | =1 £
T 1T T
Kin —GMy, +K,) 0As+ D1y z fs
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Galerkin Boundary Element Formulation

Approximate
> t by piecewise constant basis functions ¥
> g by piecewise constant basis functions 1
> z by piecewise linear basis functions ¢;
System of linear equations:

—Vin Vi, Ki,n t fi
Vh ~(3Mp + Kp) 9 |=1] £
Ky —GMy +K) oA+ Dup z fs

Schur complement system:
Tg,hg = iv

Lemma
T, is positive definite, i.e.,

(Tonz,2) > o(Anz.z) = o(Azn, zn)r = 097 l|2all3 2

for all z € RM « z, € S}(T).
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Error Estimates

Theorem
Let z € HY/2(T) be the unique solution of the optimality system. Let

zy € SE(T) be the unique solution of BEM system. Then there holds the error
estimate

||Z - ZhHHl/Q(F) < C(Z,U, f) h3/2 )

when assuming u € H*/*(Q), z € H*(T'), and t, € Hp,(T).
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Error Estimates

Theorem
Let z € HY/2(T) be the unique solution of the optimality system. Let

zy € SE(T) be the unique solution of BEM system. Then there holds the error
estimate

||Z - ZhHHl/Q(F) < C(Z,U, f) h3/2 )

when assuming u € H*/*(Q), z € HX(T), and t, € Hj,, (). By
Aubin—Nitsche trick:

lz = znl| oy < (2,3, f) h.
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Error Estimates

Theorem

Let z € HY/2(T) be the unique solution of the optimality system. Let

zy € SE(T) be the unique solution of BEM system. Then there holds the error
estimate

||Z - ZhHHl/Q(F) < C(Z,U, f) h3/2 )

when assuming u € H*/*(Q), z € HX(T), and t, € Hj,, (). By
Aubin—Nitsche trick:

lz = znl| oy < (2,3, f) h.
Remark:

» estimate hold for smooth I

» reduced order of convergence for [ piecewise polygonal
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Finite Element Approximation

System .
—Ap=u—1u inQ, p=0 onT,
—Au="f inQ, u=z onl,
0
—p = 0Az onl
ony
FE discretization:
My Ky —Mcg u —-g,
Kin Ka p | = f
Mic  —Kic Mcc + 0An z 8¢
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Finite Element Approximation

Syst
ystem —Ap=u—1u inQ, p=0 onT,
—Au="f inQ, u=z onl,
i = pAz onl
o P =20
FE discretization:
=My K —Mc; u &,
Kir Kci p | = f,
Mic  —Kic Mcc + 0An z 8¢
BE discretization:
—Vin Vi Ki,h t fi
Vh —(3Mh + Kn) g |=1 fa
Ky —(GMy +KJ)  0An+Dip z fs3

GAMM Workshop PDEOPT 2009
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Finite Element Approximation

FE discretization:

My Ki —Mc u —-g,
Ki Ka p | = Ly
Mic  —Kic Mcc+ 0An z 8¢

Lemma
The Schur complement matrix

Ton = KicKir "My Ky Ker — Kic K *Mcr — Mic Ky Kep + Mcc + 0An

is positive definite.
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Finite Element Approximation

FE discretization:

My Ki —Mc u —-g,
Ki Ka p | = Ly
Mic  —Kic Mcc+ 0An z 8¢

Lemma
The Schur complement matrix

Ton = KicKir "My Ky Ker — Kic K *Mcr — Mic Ky Kep + Mcc + 0An
is positive definite.

Theorem
Error estimates of the FE approximations:

||Z_Zh||H1/2(r) < C(Z,U, f)/’l ||u— Uh||H1(Q) < C(Z, l_J, f)h
Iz = zn|lpry < c(z,T, ) h*/? lu— uplliy@) < c(z,T,f)h
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Numerical example: BEM and BEM

domain Q = (0, %)2 C R?, uniform mesh,

o(x)=— <4 + Z) [x1(1 — 2x1) + x2(1 — 2x2)], f(x)=——, p=0.01.
BEM FEM FEM, L,

L |||ze —Z8||| eoc |||z —25||| eoc | ||zo —z|| | eoc
2 | 2.25e-0 3.89%e-1 4.50e-01

3| 4.66e-1 | 227 | 1.07e-1 | 1.86 | 1.77e-01 | 1.35
4 | 8.84e-2 | 2.39 | 2.81e-2 | 1.93 | 7.94e-02 | 1.15
51 1.63e-2 | 2.44 | 7.28e-3 | 1.95 | 3.38e-02 | 1.23
6 | 3.02e-3 | 243 | 1.87e-3 | 1.96 | 1.34e-02 | 1.34
7 | 5.73e-4 | 240 | 4.69e-4 | 2.00 | 5.02e-03 | 1.41
8 | 1.24e-4 | 2.20 | 1.06e-4 | 2.15 | 1.83e-03 | 1.45

B cor A Boundary Element Energy Approximation of Dirichlet Control Problems
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Numerical example: FEM several meshes

AN
N

s
e
-
N
N/

PVAVAVAY
NN
)
K
B

AN
AVAN

\VAVA

PO
VAN
0
K

NN
\VA

JAVAVAVAVAVAN
\AVAVAVAYY
Xw‘wmﬁvé

FaTATA
i
K R

~

L N || |lze — 25| eoc || ||ze —2z5|| eoc N | ||lzz — z5||| eoc
3 256 || 1.07e-01 1.25e-01 216 | 1.65e-01

4 1024 || 2.81e-02 | 1.94 || 3.26e-02 | 1.94 864 | 4.69e-02 | 1.81
5 4096 || 7.28e-03 | 1.95 || 8.45e-03 | 1.95 3456 | 1.29e-02 | 1.87
6 16384 || 1.87e-03 | 1.96 || 2.17e-03 | 1.96 13824 | 3.39e-03 | 1.93
7 65536 || 4.69e-04 | 2.00 || 5.43e-04 | 2.00 55296 | 8.41e-04 | 2.01
8 | 262144 || 1.06e-04 | 2.15 || 1.20e-04 | 2.18 || 221184 | 1.76e-04 | 2.26
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Numerical example: u singular

domain Q = (0, )?> C R?, uniform mesh,

U=(q+x3)""3 =0, ,0=001

BEM FEM FEM216
N |[||lze — 28||| eoc | ||lzo — z2||| eoc N | |lzo — 25| eoc
256 || 7.00e-2 3.61e-02 216 | 9.74e-02
1024 || 2.13e-2 | 1.71 || 1.55e-02 | 1.22 864 | 4.10e-02 | 1.25

4096 || 6.46e-3 | 1.72 || 5.88e-03 | 1.40 3456 | 1.52e-02 | 1.43
16384 || 1.94e-3 | 1.74 || 2.08e-03 | 1.50 13824 | 5.18e-03 | 1.55
65536 || 5.67e-4 | 1.77 || 6.88e-04 | 1.60 55206 | 1.62e-03 | 1.67

262144 || 1.54e-4 | 1.88 || 1.91e-04 | 1.85 || 221184 | 4.19e-04 | 1.95

O ~NO 1A~ Wr
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