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Introduction

Nonlinear Problems in Function Space:

= boundary value problems for nonlinear ODEs and PDEs

= optimal control problems with inequality constraints

Numerical Techniques as Building Blocks:

adaptive discretization

nonlinear solver
linear solver

How to combine them?

How to exploit function space structure?
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Two Approaches

Nested Iteration
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[PhD Hohmann '94], [Monograph Deuflhard '04]
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Mathematical Challenges

Nested Iteration Inexact Algorithm in Function Space
= adaptivity for nonlinear problems = adaptivity for linear problems
= mesh independence of nonlinear solver - nonlinear solver in function space

(Lemma: Jsolver in function space)

. = interaction of solver and adaptivity
= potential loss of local convergence

on refinement

problem in function space problem in function space
adaptive discretization nonlinear solver
nonlinear solver o adaptive discretization
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Analysis and Algorithms in Function Space

A-priori analysis
= convergence theory in function space
= justify method
= find appropriate functional analytic framework
= predict qualitative behaviour
= discretization with a-priori error estimates J

A-posteriori analysis \
= algorithm in function space
= convergence monitor
= accuracy requirement on adaptivity
= observe quantitative behaviour

> Explore structure

> Exploit structure

= adaptive discretization with a-posteriori error estimates
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Example: Barrier methods for optimal control

minj(y,u) st y>y
State constrained problem

Ay — Bu =

min j(y, w) + b(y; p)

Barrier problems Ay — Bu = 0

7'(y) + b (y; ) + A*p =0
Optimality conditions au —B"p =0
Ay—Bu =0
[Sch. ZR 07-07]
7'(y) + b (y; ) + A*p =0

Ay —a 'BB*p =0
[Sch. ZR 07-44]

Control reduction
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Function Space Oriented Path-Following

Interior Point Method
Stepsize
Homoto
Py Control
nonlinear solver
Inexact Convergence
Newton Method Monitor
Linear System S
Solver Estimator
adaptive discretization
Finite Mesh Refinement
Elements
Discrete System Solver linear solver

[PhD Weiser '01], [PhD Schiela '06], [Sch., Giinther '09]
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Inexact Newton Corrector

Discretization of the Newton step

j// _|_ b// A* 5y - j/ _|_ b/ _|_ A*p
—A ot op | —Ay+a~lp
by linear finite elements. No discretization of the control.

[Hinze, Sch. '07]

Refinement of grid, such that the relative error is bounded in terms of the natural norm,

which governs the convergence behaviour of Newton's method

1623 = ((5" + b")dy, 6y) + | dp|3

[Sch. ZR 07-44], [Sch., Giinther ZR 09-01]

Alternative: classical goal oriented approach
[Wollner '08]
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Special problem structure

j// +p A* 5y - j/ L+ A*p \
( A ot 5p ) T Ay + a1p ewton step
i+ 0 oy n 0 A oy \ _  ( J O +AD
0 o7 op -4 0 op ) —Ay+a~'p
positive definite skew-symmetric

Perform error estimates for systems of the form

Te=Sx+Hx=r

f \ |l — znll% = (S(x — xn), 2 — xp)

positive definite skew-symmetric 16z |IX := (5" + 0")dy, 8y) + a~*||opl|5

Trier, 4.6. 2009



A-posteriori estimates for natural norm

Galerkin orthogonalities:
(Tx —r,vy =0 YvelX (%) S=T-H (+)
(Txp —r,vp) =0 Yo, € Xy, (%)
Simple computation:

(S(x —xp),x — l'h>(i) (Tx —Txp,x —xp) + (H(xp — ), — 2p)

Trier, 4.6. 2009



A-posteriori estimates for natural norm

Galerkin orthogonalities:
(T'e —r,v) =0 YvelX (%) S=T-H (+)
(Txp —r,vp) =0 Yo, € Xy, (%)
Simple computation: skew symmetry

(S(x —ap),x — xp) (i) (Tx — Txp,x —xp) + <H(th>

(;) <r—Txh,x—xh>(i)<T—T.I'h,w—?)h> Vop € Xy,
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A-posteriori estimates for natural norm

Galerkin orthogonalities:
(Tx —r,vy =0 YvelX (*) S=T-H (+)
(Txp —r,vp) =0 Yo, € Xy, (%)
Simple computation: skew symmetry

(S(x —ap),x — xp) (i) (Tx — Txp,x —xp) + <H(th>

(;) <r—Txh,x—xh>(§)<T—T.I'h,w—?)h> Vop € Xy,

Residual representation for the natural norm

|z — zn||3r = (S(z — z1), 2 — zn) = (r — Txp,z — vs) Voup € Xp

Evaluation with techniques, known from the DWR method
Rannacher, et. al.

Trier, 4.6. 2009



Numerical example

Implementation in KASKADE 7 (M. Weiser/ Sch.)
based on the DUNE library

Using sums of rational barrier functionals upto ¢ = 4

control

€des €meas inna,l — Jacc Ttotal Thom na M final Nhom
1072 | 0.7-1072 32-107% 2.1s 19s 720 32-107% 16
1073 | 0.7-1072 3.1-10°° 6.2s 5.2s 2.8k 4.1-107% 18
1074 ] 09-100*% 2.1-10°° 40s 89s 43k 2.6-107 19
1072 1.0-107° 2.6-10"7 429 95s 332k 2.7-107° 21
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Conclusion

Nested lteration vs. Inexact Algorithm in Function Space:

= ways to combine solvers and adaptive discretization
= nested iteration: use of fixed grid solvers

= inexact algorithm: inherits more structure

Inexact Newton Path-Following for State Constraints:

= inexact computation of Newton steps in function space
= analysis yields the shape of the region of convergence

= a-posteriori error estimates, taylored for this situation

Trier, 4.6. 2009



Conclusion

Nested lteration vs. Inexact Algorithm in Function Space:

= ways to g

wef I NANK yOUu!
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Numerics: adaptive multi-level method

Implementation in KASKADE 7 (M. Weiser/ Sch.)

based on the DUNE library

Using sums of rational barrier functionals upto ¢ = 4

control

<]

-

€des €meas innal — Jacc Ttotal Thom na M final Nhom

1072 | 05-107% 42-107* 2.1s 1.6s 870 3.7-107%* 7
1073 | 1.4-1073% 5.2-107°> 6.8s 24s 7.0k 2.3-107° 8
1074 ] 1.2-100* 8.6-107° 48s 14s 42k 7.8-1077 10
10| 1.1-100° 6.9-1077 732s 61ls 522k 54-107% 11

Trier, 4.6. 2009



Numerics: hyperthermia treatment planning

Comparison of fixed grids:

= |[POPT: 80-120 lterations
= FSIP: 20—-40 lterations

Adaptivity:

= Prototype version

= Practical Issues to be solved

Cooperation (Matheon Project A1)

ZIB: M . Weiser, P. Deulfhard,

K. Malicka
TU Berlin: F. Tréltzsch, U. Prifert

Charité Berlin: P. Wust, J. Gellermann

Trier, 4.6. 2009



Example: elliptic PDEs

Differential operator in the weak form

Nelle) 1,q * _
AC(Q) DdOIIlA%(W (Q)) p > d, 1/p—|— 1/q—1 KJGC(Q,Rnxn)

(Ay, p) = / (k(x)Vy, V) + yp dx Vo € WH(Q) spd uniformly
Q

regularity results yield closedness of A

Input of the control

B: Ly(Q) — (WH(Q))" B: Ly(T) — (WHI(Q))*
<BU790>:/QU'SOCZCU <Bu,g0>:/u-7(g0)dx

r
distributed control* d <3 ,Neumann boundary control* d < 2

Trier, 4.6. 2009



Numerics: efficiencies for Newton Steps

Neumann:
p~ 1072 w104 p 1076
Step na €meas eﬁ na €meas eﬁ na €meas eﬁ
1 139 8.1-1073 0.76 | 1361 1.4-10"2 0.87 |23k 1.1-107* 0.86
2 1327 56-100% 0611|3036 65-100* 083 |48 5.3-107° 0.73
3 | 730 2.1-1073% 0.74| 6557 3.5-100%* 0.74 | 103k 2.6-10"° 0.68
4 | 1541 94-100% 0.70 | 15k 1.5-107% 0.76 | 226k 1.2-107° 0.71
Dirichlet:
p~ 1072 w104 pu~ 1079
Step na €meas eﬁ na €meas eﬁ na €meas eﬁ
1 | 456 6.5-1072 0.81 | 2046 1.7-103 1.1 | 9033 4.0-107* 1.1
2 | 878 3.3-1073 0.86 | 4415 95-10* 0.83 | 20k 1.8-10~* 0.88
3 | 2051 1.5-1073 0.83 | 9097 4.8-10~* 0.79 | 42k 82-10~°> 0.8
4 | 4143 7.7-100% 0.89 | 20k 2.0-107* 0.84 | 97k 3.9-107° 0.73
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Numerics: Newton steps on a fixed grid

state

A
~ control
qg=1

# Newton steps for various mesh sizes

to reach algebraic accuracy Tol = 103

/

4 5

6 7 8 9

13 12 12 12 13 13

9 11

11 12 14 13
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