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Model problem

We discuss the optimal control problem

J(@) = min J(u),
J(u) .= F(Su, u),

1 v
F(v,u) := EHV - VdHiZ(Q) + 5\\“”%2(9)7

where the associated velocity v = Su to the control u is the weak solution
of the state equation

—Av+Vp=u inQ
V-v=0 inQ
v=0 on9df2

and the control variable is constrained by

a<u(x)<b for a.a. x € Q.

. . . Universita'tm ‘y‘f"y\)iwmm
Q C RY is a domain with corners and/or edges. :



Results from literature
control-constrained, scalar elliptic state equation:

@ Hinze, 2004:

variational-discrete approach, full regularity — second order convergence

@ Meyer, Rosch 2004:
post-processing approach, full regularity — second order convergence
@ Apel, Rosch, Winkler 2005 and Apel, Winkler 2007:

post-processing and variational discrete approach, edge and/or corner
singularities, isotropic mesh-grading — second order convergence

@ Apel, S., Winkler 2008:

post-processing and variational discrete approach, edge singularities,
anisotropic mesh-grading — second order convergence

control-constrained, Stokes equation:

@ Rosch, Vexler 2006:

post-processing approach, velocity field in H?(Q) N W>°(Q) — second,
order convergence Universitdt (> Miinchen



Weak formulation of the state equation
We introduce the spaces

X = {v e (HY(Q))? : v|pa = o} ,

M:{peLz(Q):/ﬂp:0}

and the bilinear forms a: X x X — Rand b: X x M — R as

d
a(v, ) IZZ/QVV;'VQO; and  b(p,p) = —/QPV-cp-
i=1

The weak solution (v, p) € X x M of the state equation is given as unique
solution of

a(v,p) + b(p,p) = (u,0)  VoeX
b(v,1) =0 Vi) € M.
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Regularity
Weighted Sobolev spaces HX(Q)9, k = 1,2 with norm
1/2

HYHHf,(Q)d = Z HwaDayniz(T)d

laf <k

where w, is a suitable positive weight depending on the concrete problem
under consideration.

Assumption:

@ The a priori estimate
[Vl ()¢ < cllull 2y
is valid and the embedding

H2(Q) — C%°(Q), o€ (0,1)
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Discrete spaces

The approximation of

o the control u is contained in Uy, the space of piecewise constant
functions,

Up={un € U: |7 € (Po)? forall T T, },

@ the pressure p is contained in a space of piecewise polynomial
functions M, C M

o the velocity v is contained in a space of piecewise polynomial
functions X, C X or X, ¢ X
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Discretized state equation

We define the weaker bilinear forms ap : X; x X, — R and
by : Xp x My — R with

DS Z/ Vvpi- Vi

TeT, i=1

bn(h; ph) Z/th ©h-

TeT,
For a given control u, € Uy the discretized state equation reads as

Find (vh, pp) € Xp X My, such that
an(Vh, ©n) + br(en, Pr) = (Un, ©n) Vo € X

bn(vh,¥n) =0 iy € M.
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Discretized optimality system

State equation:

an(Vn, ©n) + br(en, Pr) = (Tn, ©h) Von € X
bn(vh,¥n) =0 Vi € My,

Adjoint equation:

an(Wh, ©n) — bu(n Th) = (Vh — Vanson) Vo € X
bn(Wh,1bp) =0 Vb, € My,

Variational inequality:

(Vl_/h + vup, up — Uh)[_Q(Q) >0 VYu,e€e Uﬁd
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Assumptions on the space X,

Q@ The discrete Poincaré inequality
Ivalliz@) < cllvallx, — Yva € X4

holds where || - || x, = an(-, )2,

© There exists a p < dsz, such that the inverse estimate

lenllie(@) < ch Hlenlle@) — Yon € X

is valid.
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Assumptions on the spaces X, and M, (1)

©Q The consistency error estimate

lan(v, on) + br(n, p) — (u, on)| < chllenllx,llull2(q)
Y(u, ¢p) € L2(Q) x X

holds.

@ The pair (X, Mp) fulfills the uniform discrete inf-sup-condition, i.e.
there exists a positive constant  independent of h such that

inf  sup M > 0.

UneMi opexi, lonllx, 19llv
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Assumptions on the spaces X, and M, (2)

@ There exist interpolation operators
i HA Q)N X — X, N X

and
i HL Q)N M — My,

such that for the solution (v, p) € X x M of the state equation the
interpolation properties

(1) v = I:f‘;V”Xh < ch||vllrz () < chllulli2@q)

(1) [lv =iy vli=(@) < cllullz@

(i) llp = ixpllz(q) < Ch||P||H1 ) < chllul2()
hold.
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Projection operators @, and Rj,

The operator R, projects continuous functions in the space of piecewise
constant functions,

(Rhf)(X) = f(ST) ifxeT

where S7 denotes the centroid of the element T.

The operator @), projects [°-functions in the space of piecewise constant
functions,

1
(Qng)(x) == il /Tg(x) dx forxe T.
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Assumptions on the operators Q) and Ry,

@ The optimal control & and the corresponding adjoint state (w, 7)
satisfy the inequality

Qi — Ryil| 2(q) < ch? (||fl||co,a(s‘7) + ||Vd||c0,a(s‘7)) ~
© For the optimal control & and all functions ¢, € Xp the inequality

(Qnil — Rull, on)12(0) < ch’|lonllL(q) (||L7||c0,a(s'2) + HVdHco,a(s‘z)>

holds.
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Summary of assumptions

©00000O0CO

Regularity in H2(Q)9

discrete Poincaré inequality
inverse estimates

consistency error estimate

uniform discrete inf-sup-condition
interpolation error estimates
Estimate for || Qyw — Raw/| 12(q)
Estimate for (Qni — Ru1, goh)Lz(Q)
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Supercloseness result

The following supercloseness result [Meyer/Rdsch 2004] extends to our
setting.

Theorem

The inequality

2 = Rodilly < ch® (11l cor e + Vel cor (e )

is valid.

The proof relies on the assumption 7,

1Qn# = Ruilizqey < b (11all oy + I vall o)
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Superconvergence result

Post-processing step:
. 1_
up = n[umub] (_I/Wh> .

Assume that the assumptions 1-8 hold. Then the estimates

Theorem

1V — Wally < ch? (||E’||C010(s'2)d + ||Vd||c°va(fz)d) ;
|W — W]y < ch? (HDHCO,U(Q)d + ||Vd||C°va(§2)d) )
|G — |y < ch? (Ilﬂllco,o(@)d + ||vd||co,g@d)

are valid with a positive constant ¢ independent of h.
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Superconvergence result

Post-processing step:
. 1_
up = I'I[u37ub] <_1/Wh> .

Assume that the assumptions 1-8 hold. Then the estimates

Theorem

1V — Wally < ch? (”E’”CU#’(Q)" + ||Vd||c°v"(fz)d) ;
|W — W]y < ch? (||L_I||Co,g(ﬁ)d + ||Vd||C070(§'2)d> )
|G — |y < ch? (Ilﬂllco,o(@)d + ||Vd||c0»v(fz)d)

are valid with a positive constant ¢ independent of h.

Idea of the proof:
IV — Vhllu = [|ST — Shitn||u
< ||SU - ShD”U —+ HShD - SthUHU + HSthL_l - Shl_lh||u.
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Example: 3D domain, anisotropic mesh grading (1)

Q = G x Z, where G C R? is a bounded polygonal
domain with one reentrant corner with interior angle
wand Z :=(0,z) C R is an interval.

For A € R being the smallest positive solution of
sin(Aw) = —Asinw.
one has ([Maz'ya,Plamenevskii,83], [Apel,Nicaise,Schéberl,01])
IVIlvze@yp + IPllvise) < cllull@, #>1-A
105v[l\220p: + 105Pll2() < cllulliz(e)-

where
1/p

Wy = | [ 3 r0eipevipax

la|<k Universitdt D\ Miinchen



Example: 3D domain, anisotropic mesh grading (2)

Let vy € C%7(Q), 0 € (0,1/2) and v > 1 — \. Then the inequality
|7V PEl @y < ¢ (17l conay + Ivellcomgay
is valid.

Remarks:
o for non-convex domains (w > 7): 3 < A < =, dh. v >0
o for convex domains (w < m): A > 1 = WL>®-regularity of the
solution.
@ One can weaken the condition w < %w in [Rosch,Vexler '06] to w < 7
to guarantee W1 >®-regularity of the velocity field.
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Example: 3D domain, anisotropic mesh grading (3)

@ anisotropic, graded mesh, grading parameter 1 < A

for i =1,2 and rr :=inf( )eT(X2

@ Velocity: Crouzeix-Raviart finite element space

{vh € L2(Q)3: w1 € (P1)? VT,/F[V;,]F =0 VF} ;

Xh =

ie. Xy ¢ X.

@ Pressure: piecewise constant functions,

M, = {qh (S Lz(Q) : qh|T € Po VT,/ (e[
Q



Example: 3D domain, anisotropic mesh grading (4)

Theorem

In the described setting the assumptions 1-8 are fullfilled.
Control, state and adjoint state converge with second order.

Remarks on the proof:
o Discrete Poincaré inequality is proved in [Lazaar,Nicaise 2002].
o Interpolation error estimates: use quasi-interpolant [Apel,S, 2008]

@ consistency error estimate and discrete inf-sup-condition are proved in [Apel,
Nicaise, Schoberl, 2001]

@ For the proof of
1Qu# = Ruillizgey < e (Il cor ey + lvallcor ey

split € in two parts, namely one containing the elements along the edge, the
other one the elements away from the edge and use “anisotropic” regularity
and r'Vw € L>(Q)3 for v > 1 — A Universitit  Miinchen



Numerical test: 3D domain, anisotropic mesh grading
Modified functional:

1 ov
Joru) = 5l = vl + ol + | 5o ds
The functions f, g and vy are chosen such that
X3I’>\¢1

(
V=w= X3I’>\cb2(
P23 i

SRS

)

_ _ _ _ 1
) s p=-—r :X3I’>\ 1¢p(()0)a u = I_l[ 10, 02] (—W)
¥

w\l\)

with

®1(¢) = — sin(Ap) cosw — Asin(p) cos(A(w — @) + ©)
+ Asin(w — ¢) cos(Ap — @) + sin(A(w — ¢)),

Dy(p) = — sin(Ap) sinw — Asin(p) sin(A(w — @) + ¢)
— Asin(w — @) sin(Ap — @),

Pp(0) = 2X [sin((A — 1) + w) +sin((A — 1) — Aw)].
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Numerical test: 3D domain, anisotropic mesh grading

1= 0.4 < X\~ 0.5445 p=1

ndof value rate value rate

14025 | 1.11E-02 1.38E-02
37779 | 6.07E-03 1.83 8.86E-03 1.33
108600 | 3.19E-03 1.83 5.66E-03 1.27
362475 | 1.49E-03 1.89 3.46E-03 1.23
854400 | 8.64E-04 1.91 2.45E-03 1.20
1135464 | 7.20E-04 1.93 2.20E-03 1.18
1663125 | 5.62E-04 1.94 1.89E-03 1.17

Table: L?-error of the computed control @i, on an anisotropic, three-dimensional

mesh
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Example: 2D non-convex domain, isotropic mesh grading

o isotropic, graded mesh, grading parameter p < A

W/
e,

WIS

h/n for r, =0,
AN

~ 1—p
Ay he o Y hry ' for0<r <R,
/] h for r, > R.

with rr = inf( )T (x{ + x3)1/2.

o different element pairs

> (P5,Po)

» Taylor-Hood element

» Bernardi-Raugel-Fortin element
» Mini-element
>
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Numerical test: 2D non-convex domain, isotropic mesh
grading

YavA >
IS
Ty VY X2
AVAYaY
RRRTPONREEED,
PAVATAVLY, AVava"
AR Rcoce
e ANy AAN VAV, S TAVAVAVAYAYa)
[ AV vvavavavararara)
EEERREERY
B
st
RO
KRR
LR
P
ke
e

pw=0.4 <\~ 05445 u=1
ndof value rate value rate
10282 | 8.02E-04 1.94 1.16E-03 1.52
40562 | 2.08E-04 1.96 4.16E-04 1.49
161122 | 5.32E-05 1.98 1.52E-04 1.46
392377 | 2.20E-05 1.99 8.08E-05 1.42
642242 | 1.35E-05 1.99 5.73E-05 1.39
2564482 | 3.38E-06 1.99 2.25E-05 1.35

Table: [2-error of the computed control i, on an isotropic, two-dimensional mesh
with (’PZC, ’Po) Universitdt (. Miinchen
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