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Model problem

-
min J(u, v, ¢, d) // x, t) — kv(x, t))? dxdt—|— /c (1) dt+%/d2(t) dt
0

subject to the system of semilinear parabolic PDE’s

Uy — Dyt + kiu = —~iuv in @:=10,/] x (0, T),
— Dovex + kov = —vuv in Q,
u(0,t) — D1ue(0,t) = c(t) in (0, T),
Diuc(l;t) = 0 in (0, T),
v(0,t) — Dov,(0,t) = d(t) in (0, T),
Dov(l,t) = 0 in (0, 7),
u(x,0) = wup(x) in Q,
v(x,0) = w(x) in Q

and the box constraints
¢ € Cag = {c € L3(0, T)les(t) < c(t) < cp(t) ae. in [0, T]} € L(0, T),
d € D,g={d € L%(0, T)|d.(t) < d(t) < dp(t) a.e. in [0, T]} € L>=(0, T).
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Model problem

R. Griesse, Parametric Sensitivity Analysis for Control-Constraint
Optimal Control Problems Governed by Systems of Parabolic Partial
Differential Equations, PhD thesis, University of Bayreuth (2003)

R. Griesse and S. Volkwein, A primal-dual active set strategy for
optimal boundary control of a nonlinear reaction-diffusion system, SIAM
J. CONTROL OPTIM. (2005), Vol. 44, No. 2, pp. 467-494

— We additionally introduced a nonlinear boundary term.

Domain:
» QC RV, N >1,
» Lipschitz-continuous boundary I' = 09,
> space-time cylinder Q :=Q x (0, T),
» Y =T x(0,7).
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Model problem

. e «
(P)  minJ(u,v,) = % u— uollfag) + 5 IV = valixo) +

arv
2

Q¢ 2
> HCHLZ(Z)

subject to
ur — DiAu+ ku
ve — DoAv + kov
D10y u + b(x, t, u)
(E) D->0,v + ev
u(x,0)
v(x,0)

and the box constraint

aTv
1u(T) = wallfage) + “2 IM(T) = vallfaqe +

in Q,
in Q,
in X,
in X,
in Q,
in Q

c€Cyg={cel®X):ca<c<cpae inX}
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Model problem

Definition

Two pairs of functions (&1, ¥) and (&1, ) in C(a) N CY2(Q) are called
ordered upper and lower solutions of (E), if (i1, V)(x, t) > (0, ¥)(x, t) in
Q and the following inequalities are satisfied:

i(x,0) > w(x) > 1@(x,0) in Q

(x,0) > w(x) > ¥(x,0) in Q

D10,0—c+ b(x,t,i) > 0 > D10, —c+ b(x,t, i) in¥
D0,V +ev > 0 > D0,V +¢eb in X%
7D1Afl+k1z‘1+’}/1a\7 > 0 > *DlAl’)‘i’kla‘i"YlaV in Q
— DAV + ko 4+ vov > 0 > — DAV + kU + %00 in Q.
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Model problem

Theorem (Pao)

Let (&, V) und (0, V) be ordered upper and lower solutions of (E),
(—=v1uv, —y2uv) be quasimonotone nonincreasing in

(@, ), (5,9)] == {(u,v) € C(Q) x C(Q): tu<u<DandV <v <}
and locally Lipschitz. Then the system (E) has a unique solution (uy, up)
in [(@1, V), (0, V)], satisfying the relation

(0,0) < (u,v) <(&,¥V) Vk=1,2,..0onQ.

Assumption (Al): The nonlinear function b: ¥ x R — R is continuous,
locally Lipschitz in u of order 2, monotone nondecreasing with respect to
u for almost all (x, t) € X and fullifies b(x, t,0) < c,(x, t) for all

(x,t) € X and |b(x, t,0)| + |Vb(x,t,0)| + |b”(x, t,0)] < K for almost all
(x,t) € ¥ with a constant K and liT b(x, t,u) = too0.

u—=0o0
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Model problem

Theorem

For every function ¢ € C(X) with c(x,t) > ci(x, t) for all (x,t) € X,
where ¢, € L*°(X) is the lower control constraint, and ug, vo € C(2),
there exists an unique solution (u,v) € (C(Q)N Clvz(Q))2 for (E).

PROOF: We first have to find pairs of ordered upper and lower solution:
1. lower solution: (&, ¥) = (0, 0),
2. upper solution: (&1, ¥) = (4,9),

where § := max(d,,d,) and d,, &, are positive constants satisfying

0y > UO(X)a oy > VO(X) Vx € Qa (1)

and
b(x,t,8,) > c(x,t) V(x,t) € X. (2)

We derive the existence of these constants, because of Assunlption Al.
The conditions (1) and (2) can be satisfied since ug, vo € C(2) and the
assumptions Al on b hold.

Christian John and Fredi Troltzsch Optimal boundary control of a system of reaction diffusion equations



Model problem

Theorem
For every given ¢ € C,q, there exists a unique weak solution
(u,v) € Y2 := (W(0, T) N C(Q))* of (E).

Sketch of proof [Existence]:
CECuCL®E), ca<crneC(X), chn—cels(X), s>N+1,

v

» For every c¢,, we choose the same upper and lower solutions, since
all ¢, are uniformly bounded
(&,7) < (up,va) <(0,7) Vn=1,2,...inQ,

» so an M > 0 exists with H“n”c(é) + ||v,,||C(5) <M,

> define h, := ¢, — b(+, up) and g, := g(un, Va) = —Y1UnVa,

> hp,, g, are uniformly bounded in L>°(Q), hence in L*(Q), L"(Q),
r> N/2+1 (weakly convergence),
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(Un)t — Di1Au, + klun = 8&n
Dlal,u,, = h,, (3)

un(x;, 0) = uo(x)-

possess for all (gn, hn) € L"(Q) x L5(X) a unique solution u, in Y,
control-to-state mapping is continuous (i.e. Casas,Raymond,Zidani),

also weak continuous (linearity) = u, — v in Y,

vV v v v

at the end we show that v € Y and v € Y, obtained analogously,
satisfy the state equation

Theorem
Problem (P) admits at least one optimal control T.
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Optimality conditions

To formulate necessary optimality conditions, let € be an optimal control
of (P) with optimal states (T, V). Then there exist
(p,q) € W(0, T) x W(0, T) which are weak solutions to the adjoint

equations:
—pt — DiAp+ kip+mvp+72vg = au(U—ug) inQ,
—Gt — DoAq+ koqg+1Up+ 7209 = a(V—-vg) inQ,
(4) D10,p+ by(x,t,u)p = O in X,
D;0,qg+eq = 0 in X,
p(x, T) = aru(a(x, T) — ua(x)) in Q,
q(x, T) = arv(V(x, T) — va(x)) in Q.
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Optimality conditions

Every locally optimal solution € of (P) satisfies, together with the adjoint
states (p, q) of (A), the variational inequality

/(p—l—och)(c —C)dt >0 Ve € Cag.
b

For ac > 0, this leads to the projection formula

_ 1
c(x,t) = P[ca(x,t),c,,(x,t)]{*OTP(X, t)}

for almost all (x,t) € X.

This leads to c )
_ Cay if p+acc(t) >0
€= { cp, if p+ acc(t) <0. (4)
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Optimality conditions

By the first-order conditions, the control function € is defined in the set
{(x,t) € X :|p+ acc| > 0}. Therefor, second-order sufficient conditions
should be required on the remaining sets. For given 7 > 0, we define

A (@) ={(x,t) e X: |p+ac >T}

as the set of strongly active restrictions for €. The T-citical cone C,(¢) is
made up of all ¢ € L*°(X) with

=0 for(x,t) € A-(2)
c(x,t)¢ >0 for €(x,t) = c, and (x,t) ¢ A.(T)
<0 for@(x,t)=cpand (x,t) ¢ A

Remark

This is the cone appearing in anatural way for second-order necessary
conditions. In the case of sufficient conditions, where the L%>-norm
occurs, one might consider also the same cone in L2. This however, will
not give new conditions by density of L in L2.
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Optimality conditions

Theorem (SSC)

Suppose that the control function T satisfies the first-order necessary
optimality conditions. If there exist positive constants § and T such that

E//(ﬁ7 v, ¢, p, q)(u7 Vs C)2 2 6||C||%2(O,T)

holds for all c € C,(€) and all (u,v) € Y x Y satisfying the linearized
state equation, then we find positive constants ¢ and o such that

J(u,v,c) > J(u,v,c) +ollc— EH%z(Q)

holds for all ¢ € C,q with ||c — || =(q) < . Therefore, the control
function € is locally optimal.
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Numerical examples

Inserting the projection formula in the system (E), we obtain a nonlinear
and non-smooth coupled system of parabolic equations:

ug — DiAu+ khu = —vyuv
D10, u+ b(Xv t, U) = 'D[ca(x.t),cb(xj)]{7%CP(X1 t)}
u(x,0) = wup(x)
Vi — DoAv 4+ kov = —vyouv
Dd,v+ev = 0
v(x,0) = w(x)

+ the system of adjoint equations (A).
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Numerical examples

Example 1:

Q=10,1] x [0,1], T =5,
D1:D2:k1:k221,

v1 =7 =03,

ary =aty =10, ay, = a, =0, oo = 0.01,
e =0.1, up(x) =0, w(x) = 100,

ug =sin(2rx) + 1, v = 1.

c, =0, ¢ =20,

b= u*

We solved the whole system with COMSOL MULTIPHISICS (a registered
trademark of Comsol Ab) in about 15 seconds (about 10000 degrees of
freedom).

We consider the time as the third space dimension.
(Idea by I.Neitzel, U.Priifert and T.Slawig)
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Numerical examples

Max: 1951

Figure: State u for Example 1
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Numerical examples

Max: 7955

M D

Figure: Optimal control € for Example 1
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Numerical examples

Wt 1032

Figure: State v for Example 1
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Example 2:

2.5
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Numerical examples

Setting Q2 = [0, 1], T=10, k=D =Dy, =1,v1 =77 =05
ki =k» =03, A\ = X\, =0.001, dy = 7, ug = vo = 0 and for the control
constraints ¢

Oon [T/4, T/2[U[3T /4, T[
& (t) = { Lon [0, T/4[U[T/2,3T /4]

and
Oon [T/4,T/2[U[3T/4, T
cb(t) = { 1OOon[ [0/, T/4] L[J [T[/2,3T/4[[-

We solved the whole system with COMSOL MULTIPHISICS (a registered
trademark of Comsol Ab) in about 2 seconds (about 3500 degrees of

freedom). And with a gradient-projection-method with finite-differences
and implizit euler in 12 seconds (about 20000 degrees of freedom).
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Figure: State v and v for Example 2
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Numerical examples

Figure: Optimal control ¢: GP and COMSOL for Example 2
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